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On the fluid ball conjecture
Fernando Coutinho1, Benedito Leandro2 and Hiuri F. S. Reis3
Abstract
The fluid ball conjecture states that a non-rotating stellar model is spherically symmetric. In this
paper we construct a Robinson’s divergence formula for the static perfect fluid space-time. Consequently,
we prove that the static perfect fluid is spherically symmetric, provided that a reasonable equation of
state holds.
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1 Introduction and Main Results
The conjecture that we will discuss was proposed by Yau in the 1982 list of unsolved problems in General
Relativity (cf. [19], see also [10]). This problem was widely explored by great scientists through the years
and much progress has been made (cf. [2, 3, 4, 6, 9, 10, 13, 14, 16]). Although it is considered physically
evident, the most general situation for the proof of the fluid ball conjecture is still lacking. The natural idea
is to consider some reasonable equation of state for the perfect fluid to attack the problem. Earlier methods
required restrictive conditions on the equation of state relating the pressure and density of the fluid (cf.
[3, 4, 16]).
Inspired by [16] and [17], our main goal is to provide a divergence formula for the static perfect fluid and
to give a simple proof for the fluid ball conjecture, considering a reasonable equation of state for the static
perfect fluid.
Static space-times are special and important global solutions to Einstein equations in general relativity.
The Einstein equation with perfect fluid as a matter field of a static space-time metric gˆ = −f2dt2 + g is
given by
Ricgˆ −
Rgˆ
2
gˆ = T,
the energy-momentum stress tensor T = 8pi[(µ+ ρ)UiUj + ρg] of a perfect fluid, where Ricgˆ and Rgˆ, stand
for, respectively, the Ricci tensor and the scalar curvature for the metric gˆ. Moreover, µ and ρ are bounded
measurable functions and Ui is a unit timelike vector field. Note that µ and ρ are independent of t. These
functions are called the density and pressure of the fluid, respectively. In what follows, we characterize a
static perfect fluid space-time.
Definition 1.1. A Riemannian manifold (M3, g) is said to be the spatial factor of a static perfect fluid
space-time if there exist smooth functions µ, ρ, f > 0 on M satisfying the static perfect fluid equations:
fRic = ∇2f + 4pi(µ− ρ)fg (1.1)
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and
∆f = 4pi (µ+ 3ρ) f, (1.2)
where Ric and ∇2 stand for the Ricci and Hessian tensors, respectively. Here, ∆ is the Laplacian operator
for the metric tensor g. Moreover, ∂M is the boundary of M and f = 0 in ∂M .
The above definition implies that the scalar curvature R for the metric g is given by
R = 16piµ. (1.3)
From (1.1), (1.2) and (1.3) a solution for the perfect fluid equation must satisfy
fR˚ic = ∇˚2f, (1.4)
where R˚ic and ∇˚2 stand for the traceless Ricci and Hessian tensors, respectively. Furthermore, when we
assume µ = ρ = 0 everywhere, we are speaking of the static vacuum Einstein space-time.
In this work we will consider similar asymptotic conditions used by Beig and Simons, Ku¨nzle and Masood-
ul-Alam (cf. [1, 3, 4, 9, 13], respectively), which are defined as follow.
Definition 1.2. A solution (M3, g, f) for (1.1) and (1.2) is said to be asymptotically flat with one end if M
minus a compact set K is diffeomorphic to R3 minus a closed ball, and the metric g and the lapse function
f satisfy the following asymptotic expansions at infinity.
(I) Let r2 =
3∑
i=1
x2i , x = (x1, x2, x3) ∈M , δ be the flat metric and ηij(x) = o(r
−2) as r →∞,
gij(x) = δij(x) + ηij(x).
(II) For ω = o(r−2), as r →∞,
f = 1−
m
r
+ ω(r).
(III) Consider µ ≥ ρ ≥ 0 and µ− ρ = o(r−4), as r →∞.
(IV) Moreover, as r →∞,
∂lηij = o(r
−3); ∂l∂kηij = o(r
−4); ∂iω = o(r
−3) and ∂i∂jω = o(r
−4),
where 1 ≤ l, i, j ≤ n. Here m ∈ R∗+ represents the mass.
It is conjectured under Definition 1.2, along with suitable additional assumptions on µ and ρ, that the
static perfect fluid space-time is spherically symmetric (cf. [9, 13, 14, 16]).
Without further ado, we state our main result.
Theorem 1.3. An asymptotically flat solution (M3, g, f) for (1.1) and (1.2) in which the energy-density
is a smooth function of f , ω′′(r) ≤ 2mr−3 and
(5ρ− µ)fG+ 4F
dµ
df
≥ 0 (1.5)
must be spherically symmetric. Here,
F (f) = (cf2 + d)(1− f2)−3 and G(f) = 6
(
F
1− f2
)
− 2c(1− f2)−3,
in which c and d are constants such that F > 0.
2
An appropriate linear equation of state for the perfect fluid can lead us to the conjecture. A static perfect
fluid satisfies a linear equation of state when ρ = Ωµ, where Ω ∈ R.
Corollary 1.4. An asymptotically flat solution (M3, g, f) for (1.1) and (1.2) in which the energy-density
is a smooth increasing function of f , ω′′(r) ≤ 2mr−3 and Ω = 1/5 must be spherically symmetric.
Now let us analyze the hypothesis assumed in our main theorem. First, bear in mind that equations of
state like (1.5) were considered before (cf. [3, 4, 15]). The decay (Definition 1.2-(III)) assumed for µ − ρ
came naturally since it is expected that µ = ρ = 0 outside the fluid region (cf. [13, 14, 16]). It seems more
natural to assume a decay for the density and pressure instead of its immediate vanishing outside the fluid
region. Thus, the assumption in Definition 1.2-(III) is weaker than the one assumed in the earliest works
about this topic.
In Addition, the asymptotic condition for the second derivative of the function ω is reasonable, see
Definition 1.2-(IV). Hence, part of our hypothesis concerns a slightly change of the asymptotic conditions
considered by [1, 3, 4, 9, 13] and others. It is also important to remember that the dominant energy condition
µ ≥ ρ holds for all known forms of matter.
From a strict equation point of view, the next result is a generalization of [17]. Furthermore, the assump-
tion over the second derivative of ω is no longer required for the following theorem.
Theorem 1.5. An asymptotically flat solution (M3, g, f), for (1.1) and (1.2) in which Ω = −1/3, µ ≥ 0
and the energy-density is an increasing smooth function of f must be spherically symmetric.
Notice that in the last theorem we assumed ρ must be non-positive and that µ = 0 in ∂M (which is
expected for an asymptotically flat perfect fluid space-time). If such requirement (ρ ≤ 0) were not made this
would imply that µ = ρ = 0 everywhere, i.e., we would get a static vacuum space-time. Moreover, assuming
µ is an increasing function of f is not an issue since this was considered before (see for instance [16] and the
references therein).
2 Background
In this section we shall present some preliminaries which will be useful for the establishment of the desired
results. We start recalling that for a Riemannian manifold (M3, g) the curvature tensor is defined by the
following decomposition formula
Rijkl =
(
Rikgjl +Rjlgik −Rilgjk −Rjkgil
)
−
R
2
(
gjlgik − gilgjk
)
,
where Rijkl stands for the Riemannian curvature operator. Moreover, the Cotton tensor C is given according
to
Cijk = ∇iRjk −∇jRik −
1
4
(
∇iRgjk −∇jRgik).
Another useful formula is the Ricci equation:
∇i∇j∇kf −∇j∇i∇kf = Rijkl∇lf. (2.1)
In what follows, we set the covariant 3-tensor Tijk by
Tijk = 2(R˚ik∇jf − R˚jk∇if) + (R˚jl∇lfgik − R˚il∇lfgjk).
Notice also that it is skew-symmetric in the first two indices and trace-free in any two indices.
We will adopt this notation we may state our next lemmas. The first lemma we present here was recently
proved in [6].
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Lemma 2.1. [6] Let (M3, g) be a Riemannian manifold and f a smooth function on M3 satisfying fR˚ic =
∇˚2f. Then, it holds
fCijk = Tijk.
The next lemma gives us a formula for the norm of the Cotton tensor involving only the functions of
Definition 1.1.
Lemma 2.2. Let
(
M3, g, f) be the spatial factor of a static perfect fluid space-time. Then:
f4|C|2 = 4|∇f |2[∆|∇f |2 −
1
f
〈∇|∇f |2, ∇f〉 − 8pif〈∇µ, ∇f〉+ 8pi(µ+ ρ)|∇f |2 − (∆f)2]
− 3|∇|∇f |2|2 + 4∆f〈∇|∇f |2, ∇f〉.
Proof. From Lemma 2.1 we have
f2Cijk = 2(fR˚ik∇jf − fR˚jk∇if) + (fR˚jl∇lfgik − fR˚il∇lfgjk).
Using (1.4) the above identity can be written in the following way
f2Cijk = 2(∇˚
2
ikf∇jf − ∇˚
2
jkf∇if) + (∇˚
2
jlf∇lfgik − ∇˚
2
ilf∇lfgjk)
Now, to prove the next identity we only need to use the above equation. Then,
f4|C|2 = f2|T |2
= 8|∇˚2f |2|∇f |2 − 12∇˚2ikf∇if∇˚
2
jkf∇jf.
Since ∇˚2f = ∇2f −
∆f
3
g, |∇˚2f |2 = |∇2f |2 −
(∆f)2
3
and ∇2f(∇f) = 12∇|∇f |
2 we get
f4|C|2 = 8|∇2f |2|∇f |2 − 3|∇|∇f |2|2 − 4|∇f |2(∆f)2 + 4∆f〈∇|∇f |2, ∇f〉. (2.2)
On the other hand, contracting (2.1) over i and k we get
∇i∇j∇if −∇j∆f = Rjl∇lf.
Moreover, from (1.1) and (1.2) we have
∇i∇j∇if −∇j∆f =
1
2f
∇j |∇f |
2 + 4pi(µ− ρ)∇jf.
Then using Equation (2.12) in [6],
∇j∆f =
f
4
∇jR−
R
2
∇jf,
we can infer that
∇i∇j∇if −
f
4
∇jR+
R
2
∇jf =
1
2f
∇j |∇f |
2 + 4pi(µ− ρ)∇jf.
Thus,
∇jf∇i∇j∇if = 4pif〈∇µ, ∇f〉+
1
2f
〈∇|∇f |2, ∇f〉 − 4pi(µ+ ρ)|∇f |2.
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So, using this in the next equation
∇i(∇jf∇j∇if) = ∇i∇jf∇i∇jf +∇jf∇i∇j∇if,
we will get
2|∇2f |2 = ∆|∇f |2 −
1
f
〈∇|∇f |2, ∇f〉 − 8pif〈∇µ, ∇f〉+ 8pi(µ+ ρ)|∇f |2.
Combining the above equation with (2.2) the result follows.
From now on, we start to develop the divergence formulas for the static perfect fluid.
Lemma 2.3. Let
(
M3, g, f) be the spatial factor of a static perfect fluid space-time such that µ := µ(ρ).
Then,
div
[
F (f−1∇|∇f |2 + 8pi(µ− ρ)∇f) +G|∇f |2∇f
]
−
Ff3|C|2
4|∇f |2
= 16piF 〈∇µ, ∇f〉+
[
8pi(µ− ρ)|∇f |−2F ′ +G′
]
|∇f |4 +
[
F∆f
f
+ 8pi(µ− ρ)F +G|∇f |2
]
∆f
+
(
F ′
f
+G−
F∆f
f |∇f |2
)
〈∇|∇f |2, ∇f〉+
3F |∇|∇f |2|2
4f |∇f |2
,
where F (f) and G(f) are smooth functions of f .
Proof. The Bianchi identity for g is reduced to (cf. [4, 14, 16])
∇ρ = −f−1(µ+ ρ)∇f. (2.3)
A straightforward computation gives us
div
[
F (f−1∇|∇f |2 + 8pi(µ− ρ)∇f) +G|∇f |2∇f
]
= f−1〈∇F, ∇|∇f |2〉+ 8pi(µ− ρ)〈∇F, ∇f〉
− Ff−2〈∇f, ∇|∇f |2〉+ Ff−1∆|∇f |2 + 8piF 〈∇µ, ∇f〉 − 8piF 〈∇ρ, ∇f〉+ 8pi(µ− ρ)F∆f
+ |∇f |2〈∇G, ∇f〉+G〈∇f, ∇|∇f |2〉+G|∇f |2∆f
= f−1F ′〈∇f, ∇|∇f |2〉+ 8pi(µ− ρ)F ′|∇f |2
− Ff−2〈∇f, ∇|∇f |2〉+ Ff−1∆|∇f |2 + 8piF 〈∇µ, ∇f〉 − 8piF 〈∇ρ, ∇f〉+ 8pi(µ− ρ)F∆f
+ G′|∇f |4 +G〈∇f, ∇|∇f |2〉+G|∇f |2∆f
= Ff−1∆|∇f |2 + (f−1F ′ − Ff−2 +G)〈∇f, ∇|∇f |2〉+ 8pi(µ− ρ)F ′|∇f |2
+ 8piF 〈∇µ, ∇f〉 − 8piF 〈∇ρ, ∇f〉
+ G′|∇f |4 + [G|∇f |2 + 8pi(µ− ρ)F ]∆f
= Ff−1∆|∇f |2 + (f−1F ′ − Ff−2 +G)〈∇f, ∇|∇f |2〉
+ 8piF 〈∇µ, ∇f〉+ 8pi[Ff−1(µ+ ρ) + (µ− ρ)F ′]|∇f |2
+ [G|∇f |2 + 8pi(µ− ρ)F ]∆f +G′|∇f |4.
Combining the above formula with Lemma 2.2 we get the result.
Finally, we present the divergence equation for the static perfect fluid. This inequality was mainly inspired
by Robinson [17].
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Lemma 2.4. Let
(
M3, g, f) be the spatial factor of a static perfect fluid space-time such that µ := µ(ρ).
Then,
div
[
F (f−1∇|∇f |2 + 8pi(µ− ρ)∇f) +G|∇f |2∇f
]
=
Ff3|C|2
4|∇f |2
−
F∆f
f |∇f |2
〈∇|∇f |2, ∇f〉+
3F
4f |∇f |2
∣∣∣∣∇|∇f |2 + 8f |∇f |
2∇f
(1 − f2)
∣∣∣∣
2
+ 4pi (3µ+ ρ)F∆f +
96pifF
1− f2
|∇f |2(µ− ρ) + 4pi|∇f |2
[
(5ρ− µ)fG+ 4F
dµ
df
]
.
Proof. Notice that
3F
4f |∇f |2
∣∣∣∣∇|∇f |2 + 8f |∇f |
2∇f
(1− f2)
∣∣∣∣
2
=
3F
4f |∇f |2
|∇|∇f |2|2 +
12F
(1− f2)
〈∇|∇f |2, ∇f〉
+ 48
Ff |∇f |4
(1− f2)2
. (2.4)
Combining Lemma 2.3 with (2.4) yields us
div
[
F (f−1∇|∇f |2 + 8pi(µ− ρ)∇f) +G|∇f |2∇f
]
−
Ff3|C|2
4|∇f |2
= 16piF 〈∇µ, ∇f〉+
[
8pi(µ− ρ)|∇f |−2F ′ +G′ −
48Ff
(1− f2)2
]
|∇f |4 +
[
F∆f
f
+ 8pi(µ− ρ)F +G|∇f |2
]
∆f
+
(
F ′
f
+G−
F∆f
f |∇f |2
−
12F
(1− f2)
)
〈∇|∇f |2, ∇f〉+
3F
4f |∇f |2
∣∣∣∣∇|∇f |2 + 8f |∇f |
2∇f
(1 − f2)
∣∣∣∣
2
.
Now, consider
F (f) = (cf2 + d)(1− f2)−3, G(f) = 6
(
F
1− f2
)
− 2c(1− f2)−3
such that c, d ∈ R. A straightforward computation assures us that


F ′
f
+G =
12F
1− f2
;
G′ =
48Ff
(1− f2)2
.
Therefore,
div
[
F (f−1∇|∇f |2 + 8pi(µ− ρ)∇f) +G|∇f |2∇f
]
−
Ff3|C|2
4|∇f |2
= 16piF 〈∇µ, ∇f〉+ 8pi(µ− ρ)F ′|∇f |2 −
F∆f
f |∇f |2
〈∇|∇f |2, ∇f〉
+
3F
4f |∇f |2
∣∣∣∣∇|∇f |2 + 8f |∇f |
2∇f
(1− f2)
∣∣∣∣
2
+
[
4pi(3µ+ ρ)F +G|∇f |2
]
∆f, (2.5)
6
where F ′ = 2cf(1−f2)3 +
6f(cf2+d)
(1−f2)4 . Then, we can rearrange the above equation to get
div
[
F (f−1∇|∇f |2 + 8pi(µ− ρ)∇f) +G|∇f |2∇f
]
−
Ff3|C|2
4|∇f |2
= 16piF 〈∇µ, ∇f〉+ [8pi(µ− ρ)F ′ + 4pi(µ+ 3ρ)fG]|∇f |2 −
F∆f
f |∇f |2
〈∇|∇f |2, ∇f〉
+
3F
4f |∇f |2
∣∣∣∣∇|∇f |2 + 8f |∇f |
2∇f
(1− f2)
∣∣∣∣
2
+ 4pi (3µ+ ρ)F∆f
= 16piF 〈∇µ, ∇f〉+
96pifF
1− f2
|∇f |2(µ− ρ)−
F∆f
f |∇f |2
〈∇|∇f |2, ∇f〉
+
3F
4f |∇f |2
∣∣∣∣∇|∇f |2 + 8f |∇f |
2∇f
(1− f2)
∣∣∣∣
2
+ 4pi (3µ+ ρ)F∆f + 4pi(5ρ− µ)fG|∇f |2.
Considering µ = µ(f) and (2.3) we obtain the desired result.
3 Proof of the main results
Proof of Theorem 1.3: We start the demonstration proving that from (1.1) we have
X(|∇f |2) = 2〈∇X∇f,∇f〉
= 2∇2f(X,∇f)
= 2fRic− 8pi(µ− ρ)f〈X,∇f〉 = 0,
for any X ∈ X(∂M). Hence, κ = |∇f | is a non null constant on ∂M. At the same time, by using that f
vanishes on ∂M.
Here we assume f and g extend smoothly to the boundary ∂M of M . From Lemma 2.4 we can infer that∫
M
div
[
F (f−1∇|∇f |2 + 8pi(µ− ρ)∇f) +G|∇f |2∇f
]
dv ≥ −4pi
∫
M
(µ+ 3ρ)F
|∇f |2
〈∇|∇f |2, ∇f〉dv. (3.1)
From now on we apply Stokes’s theorem in the above inequality but first notice that from (1.1) we have
F (f−1∇|∇f |2 + 8pi(µ− ρ)∇f) +G|∇f |2∇f = 2FRic(∇f) +G|∇f |2∇f.
Therefore, integrating the above equation and using the boundary conditions we obtain
∫
M
div
[
F (f−1∇|∇f |2 + 8pi(µ− ρ)∇f) +G|∇f |2∇f
]
dv
=
∫
∂M
〈F (f−1∇|∇f |2 + 8pi(µ− ρ)∇f) +G|∇f |2∇f, N〉ds
+ lim
r→∞
∫
S(r)
〈Ff−1∇|∇f |2 + 8pi(µ− ρ)F∇f +G|∇f |2∇f, η〉ds
=
∫
∂M
〈2dRic(∇f) + 2 (3d− c) |∇f |2∇f,
−∇f
|∇f |
〉ds
+ lim
r→∞
∫
S(r)
〈Ff−1∇|∇f |2 + 8pi(µ− ρ)F∇f +G|∇f |2∇f, η〉ds
= −d|∇f |
∫
∂M
2Ric(N, N)ds− 2 (3d− c) |∇f |3Area(∂M)
+ lim
r→∞
∫
S(r)
〈Ff−1∇|∇f |2 + 8pi(µ− ρ)F∇f +G|∇f |2∇f, η〉ds,
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where κ = |∇f | 6= 0 is constant in ∂M . Here η and N =
−∇f
|∇f |
are the exterior normal vector fields of S and
∂M , respectively. A similar integration can be found in [13, 17].
Since ∂M is umbilic (cf. [6]), i.e., the second fundamental formula h∂M = 0, and R = 16piµ = 0 in ∂M
(cf. Theorem 1 in [12]) from the Gauss equation we have
R∂M = −2Ric(N, N).
Thus,
∫
M
div
[
F (f−1∇|∇f |2 + 8pi(µ− ρ)∇f) +G|∇f |2∇f
]
dv
= dκ
∫
∂M
R∂Mds− 2 (3d− c)κ3Area(∂M)
+ lim
r→∞
∫
S(r)
〈Ff−1∇|∇f |2 + 8pi(µ− ρ)F∇f +G|∇f |2∇f, η〉ds.
The easiest way to evaluate the two-dimensional integral at infinity that arises after the application of
Stokes’ theorem is to use spherical polar coordinates to describe the asymptotic flatness of the three-metric.
Then evaluate asymptotically on a sphere of radius r as r tends to infinity - we will only need to keep leading
terms. Using the facts that grr tends to one and f tends to 1−m/r we will compute the integral ahead.
First of all, from Definition 1.2 we have
0 ≤ 4pi
∫
M
(µ+ 3ρ)fdv =
∫
M
∆fdv =
∫
∂M
〈∇f,
−∇f
|∇f |
〉ds+ lim
r→∞
∫
S(r)
〈∇f, η〉ds
= −κArea(∂M) +m lim
r→∞
1
r2
∫
S(r)
ds = −κArea(∂M) + 4pim.
So, we can conclude that
κArea(∂M) ≤ 4pim. (3.2)
It is easy to check that equality holds if and only if µ+ 3ρ = 0.
On the other hand, we can consult [13, 17] to see that
lim
r→∞
∫
S(r)
〈Ff−1∇|∇f |2 + 8pi(µ− ρ)F∇f +G|∇f |2∇f, η〉ds
=
−(c+ d)pi
2m
+ lim
r→∞
∫
S(r)
〈8pi(µ− ρ)F∇f, η〉ds
=
−(c+ d)pi
2m
+ lim
r→∞
∫
S(r)
8pi(µ− ρ)F
m
r2
ds
=
−(c+ d)pi
2m
+ 32mpi2 lim
r→∞
(µ− ρ)F,
where η is the exterior normal vector field of S.
Therefore, from (3.1) we get
dκ
∫
∂M
R∂Mds− 2 (3d− c)κ3Area(∂M)
≥
(c+ d)pi
2m
−
[
32mpi2 lim
r→∞
(µ− ρ)F + 4pi
∫
M
(µ+ 3ρ)F
|∇f |2
〈∇|∇f |2, ∇f〉dv
]
. (3.3)
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Considering the asymptotic conditions we also have
∇f = f ′∇r and ∇|∇f |2 = 2f ′f ′′∇r; r = |x| → ∞.
Notice that
〈∇|∇f |2, ∇f〉 = 2(f ′)2f ′′.
Then, by Definition 1.2, it is reasonable that ω′′ ≤ 2mr−3. So,
F∆f
f |∇f |2
〈∇|∇f |2, ∇f〉 = 8pif ′′(µ+ 3ρ)F = 8pi(µ+ 3ρ)F
(
ω′′ −
2m
r3
)
≤ 0.
Additionally, assuming that µ− ρ = o(r−4), for a sufficiently large r, we get
lim
r→∞
(µ− ρ)F = lim
r→∞
(µ− ρ)[cf2 + d]
(1− f2)3
= lim
r→∞
r4(µ− ρ)[c(r −m)2 + dr2]
m3(2r −m)3
= 0.
Now, we need to consider two special cases: (I) c = 1 and d = 0; (II) d = 1 and c = −1.
Case (I): Considering c = 1 and d = 0, from (3.3) we have
κ3Area(∂M) ≥
pi
4m
. (3.4)
Considering (3.2) and combining with the above inequality we get
1
4m
≤ κ.
Therefore, using again (3.2) we have that the isoperimetric (Penrose) inequality holds, i.e., Area(∂M) ≤
16m2pi. This result can be interpreted as an optimal lower bound for the mass m (cf. the Main Theorem in
[8]). So, from (3.2) we can infer that κ = |∇f |
∣∣∣
∂M
=
1
4m
, and again from (3.4) we get
κ2Area(∂M) ≥ pi.
Case (II): Considering c = −1 and d = 1, from (3.3) we have
κ
∫
∂M
R∂Mds− 8κ3Area(∂M) ≥ 0
So, from the Gauss-Bonnet theorem we obtain
2piX(∂M) =
∫
∂M
R∂Mds ≥ 8κ2Area(∂M) > 0,
where X(∂M) is the Euler characteristic of ∂M . Thus, we can conclude that X(∂M) is equal to 1 or 2. That
is,
pi ≥ κ2Area(∂M).
Conclusion: Hence, Case (I) and Case (II) are compatible if and only if the right-hand side of the
equality in Lemma 2.4 is identically zero (cf. [17, 18]). That is,
0 =
Ff3|C|2
4|∇f |2
−
F∆f
f |∇f |2
〈∇|∇f |2, ∇f〉+
3F
4f |∇f |2
∣∣∣∣∇|∇f |2 + 8f |∇f |
2∇f
(1− f2)
∣∣∣∣
2
+ 4pi (3µ+ ρ)F∆f +
96pifF
1− f2
|∇f |2(µ− ρ) + 4pi|∇f |2
[
(5ρ− µ)fG+ 4F
dµ
df
]
=
Ff3|C|2
4|∇f |2
+
3F
4f |∇f |2
∣∣∣∣∇|∇f |2 + 8f |∇f |
2∇f
(1− f2)
∣∣∣∣
2
+ 8pi(µ+ 3ρ)F
(
2m
r3
− ω′′
)
+ 4pi (3µ+ ρ)F∆f +
96pifF
1− f2
|∇f |2(µ− ρ) + 4pi|∇f |2
[
(5ρ− µ)fG+ 4F
dµ
df
]
≥ 0.
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Therefore, from the above identity we have two possibilities, either the Cotton tensor is zero and µ =
ρ = 0, or the Cotton tensor is zero and f is constant.
In the first case we get that (M3, g, f) is conformally flat and the static space is vacuum. Then, from
the positive mass theorem (cf. [5]) we have that (M3, g) is isometric to R3 with the standard Euclidean
metric. If f is a constant, we have that (M3, g) is conformally flat and, from (1.4), an Einstein manifold, so
it has constant curvature (cf. [7]).
Thus, in either case (M3, g) is spherically symmetric.

Proof of Theorem 1.5: Since 3ρ+ µ = 0 we get ∆f = 0, and so
F∆f
f |∇f |2
〈∇|∇f |2, ∇f〉 = 0.
Then, from (2.5) Theorem 1.3 remains true if µ is an increasing smooth function of f and µ = 0 in ∂M ,
since Theorem 1 in [12] stops working if ρ is negative. 
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